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BY
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ABSTRACT

Finite p-groups G are considered having a normal subgroup H# 1 with this
property: if x € G\ H and z € H then x is conjugate in G to xz. Some theory is
developed, and reasonably complicated examples of classes 2 and 3 are
constructed.

§1. Introduction
Let G be a finite group and let H# 1 be a normal subgroup of G.

DEeFINITION. (G, H) is said to have property (C) if and only if x is conjugate in
G to xz, forall xEG\H and all z € H,

The present paper is devoted to finite p-groups with (C).
The above definition is essentially due to A. R. Camina [3]. We explain the
context. Camina considers the following (F1) and (F2).

HypotHesis (F1). G is a finite group with a proper normal subgroup H# 1
and a set of irreducible non-trivial characters of G, y1,'* ', x., where n is a
natural number, such that

(a) x: vanishes on G\H and

(b) there exist natural numbers a;, - -+, @, >0 such that 2], a;x; is constant
on H”.

Hypotuesis (F2). G is a finite group with a proper normal subgroup H# 1
such that if x € G\ H, x is conjugate to xy Vy € H.

Camina proves that (F1) and (F2) are equivalent. He is chiefly interested in
finite groups which are not p-groups for any prime p. As we have indicated, our

Received November 17, 1980 and in revised form July 15, 1981
350



Vol. 40, 1981 FINITE p-GROUPS 351

interest lies exclusively in finite p-groups. From now on, therefore, all groups
will be finite p-groups.

Rather few groups G are known which have an H such that (G, H) has (C).
Camina mentions the extra-special p-groups, in which we take H = §(G) the
commutator subgroup of G. (Our notation is generally that of Huppert’s book
[5], in which there is also to be found an account of the special and extra-special
p-groups.) Other ad hoc examples can be produced. We are indebted to the
referee for mentioning the semi-direct product G of any cyclic p-group by the
Sylow p-subgroup of its automorphism group, H being the monolith of G; he
adds “‘other examples of pairs (G, H), with G a metabelian monolithic p-group
and H its monolith, are easy to describe”.

A depressingly complicated example can be concocted from the group E, of
{6] which reappears in [7] and is example (iii) in §4 of [8]. In the notation of [6]
L(Es)={z, f:f;, €1e2e5f1), and E;/{z) is the Burnside group B(4,2). We take
G = Es/(f\f> e1e2e5f1) and H = {(E;)/(f:f>, e1e2€3f;) and assert that (G, H) has
property (C). The reader will find that routine consideration of cases will
establish this assertion.

Our primary objective is to widen the class of known examples and in
particular to find non-monolithic examples.

To be more precise, we produce examples (G, H) with (C) where H = §(G)
and H is central, elementary abelian of order p", for every prime p and every
positive integer n. We also give examples in which G has class 3 and H is not
central. These results make it plausible that both H and G/H can in general be
fairly complicated.

Questions of structure therefore arise. Such theory as we develop is oriented
towards our examples. However, some evidence emerges that there is a close
relationship between the upper and lower central series of G if (G, H) has (C);
the two series could conceivably coincide, particularly those terms which lie
in H.

§2. Central series

We start the ball rolling by proving a useful theorem.

It is clear that if (G, H) has (C) and if N =< G, N < H then (G/N, H/N) has
©).

We denote the centre of G by £(G), and put {,(G) = {(G), while if r > 1 then
4 (G) is defined inductively by {(G/{-(G))= ¢ (G)L-(G). We also put
{(G)=1. Further y,(G)=8(G), and if r>2 then ¥,(G) is defined as
[v.-«(G), G]. We put y(G)=G.
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LemMma 2.1. If (G, H) has property (C) and G has class c then H = v,(G)
and H = {._..((G) for some r satisfying 1<r=c.

Proor. The very definition of (C) shows that if (G, H) has (C) then
{(G)= H. Then (G/{(G), H/{(G)) has (C) if H# {(G). Repetition of this
process gives H = {._,.,(G) for some r with 1<r=c.

Next we use ¥, (G) = L-.(G) (see [5] s. 262, 2.7 Satz). Suppose by way of
contradiction that

¥(G)<{-ra(G)=H.
Then (G/v.(G), H/7.(G)) has (C), and s0
¥-GV7.(G) = {(G/7.(G) = H/%.(G).

Then v,_,(G)= H = {._,..(G), which implies that y.(G)={(G)=1, a con-
tradiction. Therefore v, (G) = {.-.(G)= H.
We now take H = {(G).

TueoreM 2.2. Let (G, H) have property (C), let H = {(G), and let G have
class ¢. Then {,(G)/{-(G) has exponent p for 1 =r=c.

PrROOF. We note the important and useful fact that if N <{(G) then
L(G/N)={(G)/N. For it is clear that {(G/N)Z {(G)/N. By a remark made
above (G/N,H/N) has (C), and so {(G/N)= H/N. Therefore {(G/N)=
{(G)/N.

Now we take N = ¢{(G). It follows that {(G/{(GY)={(G)/{(GY. By a
well-known commutator identity (see [5], s. 253, 1.3 Hilfsatz) we have
[6(GY, G] = {(G). Therefore {(GY/{(GY = {(G)/{(GY, that is {,(GY =
£(G), so {(G)/{(G) has exponent p.

We deduce ([5], s. 266, 2.13 Satz) that {...(G)/{.(G) has exponent p for each
r>1.

G/{.-1(G) has exponent p. But

[¥e-(G), L.-(G)) =1

by [5], s. 265, 2.11 Hauptsatz. A commutator identity ([5], s. 253, 1.3 Hilfsatz)

now shows that [y..i(G), G] has exponent p, that is y.(G) has exponent p. So
does {(G), by Lemma 2.1.

CoroLLARY 2.3. If (G,H) has property (C) with H=1v,(G) then
¥ (G)/v:+1(G) has exponent p forr—1=i=c.

ProOF. 7,-(G)YH ={(G/H). But H={_,.s(G) by the lemma, so
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L(G/H) = {—r+AG)/{.-.+1(G), which has exponent p by the theorem. Therefore
¥-1(G)/v.(G) has exponent p. The corollary follows by a standard result ([5], s.
266, 2.13 Satz).

CoroLLARY 24. If (G, H) has property (C) and G has class 2 then

(i) G is a special p-group; and

(i) H=68(G).

Proor. Clearly H = {(G)= 8(G), by Lemma 2.1. By Theorem 2.2 both H
and G/H have exponent p. Therefore

H=¢(G)=8(G)={(G)
where ¢ denotes Frattini subgroup, and of course H is elementary,

CoroLLARY 2.5. (G, H) has property (C) and G has class 2 and §(G) is
cyclic if and only if G is extra-special and H = 8§(G).

§3. Class 2: theory

Let G have class 2, let H = §(G), and let (G, H) have (C). By Corollary 2.4, G
is a special p-group. Since not all (G, H) where G is a special p-group have (C),
we need a criterion to determine which have (C) and which do not.

In the next result d denotes the minimal number of generators of a finite
p-group. All matrices have entries from the field Z, of p elements.

THEOREM 3.1. Let G be a special p-group and let H = 8(G); let d(G)=m
and d(H) = n, with

(1) G=(ay, ", am), H={c;, "+, cn).
Suppose that
) [a;, g ]=ci" -+ cu”

for 1=i=m, 1=j=m, where each oy lies in Z,, and put Ay =[au] for

Then the following are equivalent:

(i) (G, H) has (C);

(i) if ¢, -, ¥, EZ, are such that YA+ -+ YA, is singular then ¢, =
0,---, 4. =0.

ProOF. A general element x of G has the form ay'---awec where
¢, 9. €Z, and ¢ € §(G). Note that x €6(G) if and only if ¢, =
07"'a¢m =0. So
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[x a]=[a,a]”- - [am, a]*
— (C':'m e C‘:l.‘n)“’l .. (C‘I"mn . C:min)¢m

_ B Bin
=C1 *"°*Cp
where

Bi = a1+ -+ + Qnijpm.

Put B =[B;]. Thus B is an m X n matrix. We assert that B =[A,D,- -, A, P]
where @' =[¢,, -+, d.] and t denotes transpose. For the (i,j)-th entry of
[A:D, - -, A, D] is the i-th row of A; P, which is [a;, - " *, am; ]P, as required.

Next we show that if either (i) or (ii) holds then m = n. Suppose (i) holds. If
x& 86(G) then |G : C(x)| = p" by (C), while | C(x)| = p"*', because G has class
2; so m >n. Suppose (ii) holds. The first columns y,(A,),--, vi(A.) of
Ay, -+, A, respectively form a set of n vectors in m-dimensional space, so if
n>m then ¢ yi(A)+ -+ P.yi(A.)=0 for some non-zero ¢, -, .. It
follows that Y, A, + - - - + ¢, A, is singular. By (ii) 1 =0, - - -, ¢, = 0, a contradic-
tion, so m = n.

Clearly (G, H) has (C) if and only if rank B = n for all ® #0; note that B is
m X n with m = n. Now rank B = n if and only if the columns are linearly
independent. These are A,®,---, A,®. They are linearly independent if and
only if A, @+ - - + A, D = 0 implies ¢, =0, - - -, . = 0. This is equivalent to
condition (ii).

This completes the proof of Theorem 3.1. Because the power structure of G is
not essentially used, it is clear that a vector space form of the theorem could be
given.

Next we seek further restrictions on the integers m, n of Theorem 3.1. The
manner of definition of @, ensures that the matrices A, ---, A, are skew-
symmetric. So Y, A,+ -+ A, is skew-symmetric. But a skew-symmetric
m X m matrix is singular if m is odd. In our case, therefore, m is even. Put
m =2d.

Now consider the equation

det(Y A, + - - + .A,) =0.

The left-hand side is a polynomial of total degree m =2d in n unknowns
¢, -+, ¥, in Z,. This polynomial is in fact the square of another, the Pfaffian of
ynA+ -+ YA, So essentially we have an equation f(i, -, ¥.) =0 whose
left-hand side is a homogeneous polynomial of degree 4 in n variables.

At this point we need a standard result of Chevalley and Warning; see [4] and
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[9]. It states that the number of solutions of a polynomial equation
f(¢n, i+, ¢.) =0 of total degree d in n variables ¢, - - -, ¥ in Z, is divisible by p,
provided n > d. In particular, if f is homogeneous, so that 0 is one solution, then
there must be a non-zero solution.

So if n > d then det(y, A, + - - -+ ¢.A,) =0 has a non-zero solution. In our
case, therefore, n = d.

We have now proved:

THEOREM 3.2. If the matrices A,, - - -, A, of Theorem 3.1 satisfy condition (ii)
of that Theorem then m is even, and m Z2n.

§4. Class 2: examples

The matrices A,,-++, A, of Theorem 3.1 are skew-symmetric. They also
satisfy the condition, which is additional in the case p =2, that au =0 for
1=i=m, 1=k = n. If we have a set of such matrices satisfying condition (ii) of
Theorem 3.1, then we can construct a group G with H = 8(G) such that (G, H)
has (C) and A,, - -+, A, are its matrices as in the theorem. For instance, we can
define the commutator structure of G by (1) and (2) and simply take af =1 for
1=i=m. In general, there will be many choices of G.

THEOREM 4.1. For each prime p, each even positive integer m and each positive
integer n with m Z 2n, there is a group G of class 2 such that |G : 8(G)|=p",
H=§(G), |H|=p", and (G, H) has (C).

PrROOF. By the preceding remarks it suffices to find a set of n matrices, each
m X m, satisfying Theorem 3.1(ii); we need of course au = — au and au =0 for
appropriate i, j, k. It even suffices to find such matrices with m = 2n, for the
corresponding groups will have factor groups appropriate to each n with
2n=m.

Given p and n, there exists an irreducible monic polynomial of degree n over
Z,. Choose one such polynomial and let C be its companion matrix. f 1=k =n

then put.C, = C*™'. Put
0 G
Ak =
-C. 0

where t denotes transpose. We assert that A,,- -, A, satisfy Theorem 3.1(ii).
If det(ysA+---+¢A,)=0 then det(y,Ci+---+.C.)=0, so
det(y I+ Y,C+ -+ ¢4 C"")=0. So put r(x)=¢+¢ox+---+ Yux "7l We
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have det r(C) = 0, while the characteristic polynomial q of C is irreducible and
has degree n. If r is not the zero polynomial then we can find, using the division
algorithm, a polynomial s satisfying det s(C) = 0 and having smaller degree than
r. Repetition of this argument gives a contradiction. So r is the zero polynomial;
$1=0,---, ¢, =0, as required.

Since the A, have the required skew-symmetric properties this completes the
proof of the theorem.

There is no reason to think that the examples just specified are other than very
particular. The reader may verify for himself that a change of generating set for
G induces a congruence transformation on the A«. The problem of classifying all
Ay, -+, A, satisfying Theorem 3.1(ii) up to congruence looks depressingly hard.
One case, however, deserves a mention. If n =1, so that we have the
extra-special groups, then a suitable change of generators will present the
skew-symmetric matrix A, in its canonical form; and as A, is non-singular this

form must be
O Wiy 0 Wy
D P .
-w 0 - Wy 0

That is to say, G is exhibited as a central product — a known result about
extra-special groups. Even here we do not get an up-to-isomorphism classifica-
tion, of course, as we have said nothing about the power structure.

§5. Class 3: theory

We now probe the structure of G in the class-3 case, with H = y,(G). In
saying “G has class 3”, we are (as usual) excluding the cases in which G has class
2. While our main aim consists of the examples of §6, Theorem 5.2 is of interest
in its own right.

The following notation is used in this section. By ¢, £, v, ¥ we mean {(G),
{AG), vAG), ys:(G) tespectively; C denotes Cs(y:(G)).

The first result is a technical lemma expressing the Jacobi-Witt identity in a
useful form. In groups of class 3 this identity is

3) [u, v, w][v, w, u][w,u,v]=1;
see [5], s. 259, Aufgabe 1.

LeMMA 5.1. Let G be a finite p-group of class 3 such that (G, y.(G)) has (C).
Choose b € C(v:(G))\ vAG) and put
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B =(x €G:[bx] € v:(G)).
Then B = C.

ProoF. Choose x €B and in (3) put u=x, v =b, w arbitrary. Here
[b,x,w]=1as x € B, and [x, w, b] = 1 as b € C. Therefore (3) gives [w, b, x] = 1.
But (G, y2) has (C) and b€ ¥, so [w, b] takes all values in y, as w varies. It
follows that x € C.

THEOREM 5.2. Let G be a finite p-group of class 3 such that (G, yAG)) has
(C), and let

|G vAG)=p",  |7v(G): v(G)|=p".
Then (i) (G, y:(G)) has (C); and (ii) m =2n and n is even.

Proor. We recall from Corollary 2.3 that G/vy,, y,/y: and y; all have
exponent p. Initially we prove the theorem under the additional assumption that
vs has order p. Since | G : C(x)| = p for each x € y,, this implies that |G : C|=
p". As in the proof of Theorem 3.1 m > n, so C > y,; Lemma 5.1 will therefore
be applicable.

Choose a € G\C and put

A =(x € G :[a, x] € y:(G)).
Since (G/7y;, v2/7ys) has (C) we obtain
4) |G:A|=p"

Let b and B be as in Lemma 5.1. Note that a &€ B (for otherwise we would have
a € C, a contradiction). It follows that b& A. Recall that b € C\ vy,. Therefore
CNA=vy,andso CNA =1,

Next we have

) |G:Cl=p”

as |y.:ys|=p" and |ys| = p. So by (4) and (5)
p"=|G:v:.|=|G:CNA|=|G:C||G:A|=p™

By Theorem 3.2, m 2 2n. Therefore m =2n; and (5) becomes

) |G:C|=p"

The inclusion { =y, holds because (G,y;) has (C). If |y,:{|=p* then
[G : C| = p*, still under the assumption | y;| = p. Therefore n = k, and s0 { = v..
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If a € v.\y; then a & ¢, and the conjugates of a form the coset ay;. Thus (G, y,)
has (C).

Now we prove that n is even. If x € C\y, then |G : C(x)| =p"*" (because
(G, y2) has (C)). Soby (5), [x, C] # 1, and x € £(C). It follows that {(C) = y»(G).
In particular §(C) # 1.

Let b and B be as in Lemma 5.1. Then B = C. But as (G/ys3, ¥2/ys) has (C),
|G : B|=p". Therefore B = C. The definition of B now gives §(C) = ys(G).
Therefore 8(C) = ys(G).

Since yo(G) = {(C) we have | G : {(C)| = p™ with of course m = 2n, and so by
(5) |C:¢(C)|=p". However |8(C)|=|y(G)|=p. By Corollary 2.5 or
Theorem 3.2, n is even.

This completes the proof of (i) and (ii) under the assumption that y;(G) has
order p. We now relax that assumption. It is necessary to prove only (i).

Choose x € v,\vs and suppose by way of contradiction that [x, G} < ys.
Choose a subgroup N which contains [x, G] and has index p in ;. Let
vs=(N, z) and put G' = G/N. Thus (G’, y(G")) has (C) and y3(G’) has order p.
Therefore there exists y € G for which [xN, yN]= 2N, that is [x, y] € zN. But
[x,y)E€ N and z €& N. This is a contradiction. Therefore [x, G] = v, and (G, y3)
has (C).

CoRrOLLARY 5.3. If G is a finite p-group of class 3 such that (G, vG)) has
(C) then v(G) = {AG) and y(G) = {(G).

ProOOF. Use Lemma 2.1.
We now take generators and relations:

(6) G=(ay ", a), Y(G)=(c;," ", ¢, v(G), ¥(G)=(z);

(7 [a,g)=c--cimz™ (1si=2n1=j=2n)

8) [ci,ai]=2z% (1=i=n1=Zj=2n).
(The element z is of course central in G.)

The constants a;, B, xs lie in Z, and must satisfy numerous conditions. As
before, we put

Al =[au] 1=k =n).

Then the A, satisfy condition (ii) of Theorem 3.1 because (G/(z), vA(G)/z)) has
©.

We choose the a’s so that

(@ns1y* * 5 Q2n, YA G N = C(y2G)).
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Another way of saying this is that y; =0 for 1=i=n and n <j =2n.

At this point we must give some thought to the structure of G as a group
rather than as a group with (C). The main constraint on the commutator
structure is given by the Jacobi-Witt identity (3).

We calculate:

[a, a, a]=[ci - cirz a)
= [er, a ]+ - [y @]
=2z°
W= i i vt Qi Xnk

Note that if kK > n then a, € C(yAG)), so [ai, a;, a} =1 and the above w is 0.
Next we apply (3) with u = a;, v = a;, w = a, in two special cases.
(i) Let n<i=2n, n<j=2n, 1=k =n Then (3) becomes

[ai,a;,a] =1

and we find that
)] ajixi + o+ Qux = 0.

(i) Let 1=i=n, 1=j=n, n<k =2n Then (3) becomes

[ai, ac, a;] = [a;, ax, a:]

and we find that
(10) QurXy 0t QaaX = G X 0 F i

We now define further matrices as follows:

Bi = [anij] 1=k =n);
X =[x}

and we let x4, - - -, x. denote the columns of X. Thus B, is n X n and X is taken
to be n X n; recall that y; =0 if j > n. Then (10) becomes

(11) B,'x,' = Bjx.‘ (1 = l,] = n).
We are also concerned with the “lower left” n X n submatrix of A, so we put
AI’( = [a,‘_,,ﬂ',k] (1 = k = n);

thusl=si=nand 1=j=nin Ai.
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§6. Class 3: examples

So far we have not produced a single group G of class 3 such that (G, y.G))
has (C). We shall speedily remedy this lack. The key to the construction is
equation (11). This seems intractable in general, but if we choose the A, to be
the special matrices of §4, related to companion matrices, then progress is
possible.

LemMMa 6.1.  Let n be a positive integer. Choose a monic polynomial of degree n

and let C be its companion matrix. Define matrices By, - - -, B, as follows: if
1=i=nand 1=k =nthenrow i of B is row k of C'"'. Then there exists an
n X n matrix X whose columns x,, - - -, x, satisfy the equations

Bix; = Bix, (Isk=nl=sl=sn)
if and only if both X and CX are symmetric.
Proor. The equations Bix, = Bix; are equivalent to
pi(Bx)=p(Bxx) (1=ikI=n)

where p; denotes row i. These are equivalent to each of the three following sets

of equations:
Pi (Bk)X[ = P (B,)xk (1 = i, k, I = n);

P (C‘_‘)x, = p,(Ci_l)xk (1 = i, k, = n);
(CT'X)Y=C"'X (1=isn).

So we have to show that C'~'X is symmetric for 1 =i = n if and only if X and
CX are symmetric. Suppose that X, CX and C'~'X are symmetric where i Z2is
fixed. Then ‘

(CiX)t — (Ci—lx)lct — Ci~lx(cl = Ci—l(cx)l = CIX

and so C'X is symmetric. This completes the proof.

LEMMA 6.2. The equations Bix; = Bxi of the previous lemma always have a
non-singlar solution.

Proor. Given B as below we may choose X as indicated:

00 - 0 a -a —as -+ —a, 1

10 - 0 a —-as —a, - 1 0
c=[01 - 0 a|; X=|---

-a, 1 -+ 0 0

00 -+ 1 a 1 o - 0 0
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We leave it to the reader to verify that

a, 0 0 L O 0

0 —-a —-a, -+ —a, 1
CX=|10 —-a, —as --- 1 0},

4] 1 0o - 0 0_

a symmetric matrix. This completes the proof.
We note in passing that the X just given is in fact B;'; and that further
solutions of the equations are obtained when X is replaced by CX, C*X, etc.
We start the construction of groups. Our examples G are to have generators
as in (6); we take m =2n and we shall want n even. We have to specify the
constants aq, By, x; appearing in (7) and (8). The a;i are to be as in §4; thus
Ax =[au] for 1=k = n where

0 G
Ak = ’
-C. 0

Cc=C""', and C is a certain companion matrix. The matrix [B;] is to be
2n X 2n, skew-symmetric and B; =0; we also require that the submatrix
[B;: n <i=2n, n<j=2n]is non-singular (note that n is even). Finally the x;
are given by the matrix X of the last lemma, with y;, =0forl=i=n<j=2n.

Now we consider the group structure. It is convenient to take p > 3, for then G
is a regular p-group; we can put af =1 for 1 =i =2n, G has exponent p, and we
can forget about the power structure. (No doubt there are plenty of examples
with p =2 or 3. Those we construct will illustrate once again the richness of the
exponent-p variety for p >3.)

We also have to reckon with the commutator structure. This is a matter of
verifying the Jacobi-Witt identity (3) with u,v,w from {a,,***,a.,}. In certain
cases this is rendered easy enough by the presence of blocks of zeros in A«. The
harder cases are those related to (9) and (10) of §5. We defined B, in §5
essentially by the rule: v;(Bi) = v« (A}), where ¥y, denotes column j. However we
defined B in the lemmas of this section by the rule: p:(B.) = p (C'") where p;
denotes row i. It turns out that there is no discrepancy, because of the fact that
the latter By is symmetric. To see this, let us temporarily denote the (i, j)-th
entry of C* by ¥,;«. It may be verified that because C is a companion matrix we
have yijs1x = Yk for 1 =i S n, 1=j <n, 0= k < n. Iteration gives v,x = Yix,
provided 1 =j = n and 1 = k = n. This is the result that proves B, is symmetric.
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So our lemmas apply, and the choice of X ensures that (9) and (10) hold. Hence
the Jacobi-Witt identity (3) is verified.

It follows that G has order p>"*" and class 3. (In dealing with the structure of G
we have used ideas of the nilpotent quotient algorithm rather freely; see [8]. An
alternative approach is to use extension theory.)

Finally we have to show that (G, y,(G)) has (C). There are two cases.

(i) Let x=xx, where x;=afi---a> and x,€ C(yG)). Put &=
[#1,- -, $n] and suppose that ® # 0. Since X is non-singular there exists ¥ # 0
for which ®X¥ = —1. Put y = ¢{*---¢c¥ where ¥ =[¢,, -, ¢».]. Then

[ y] = [xix2 y] = [x1, ]

=[a‘lj’| e a:’n,c'{'l.- .Ct,.]

=I1le. a1

where the product is taken over 1=si=n, 1=j=n By (8) [x,y] =z

(i) Let x = Xyx» where xn=awni:-- asr and xn€ v2(G). Put &=
[@ns1,°**, d2s] and suppose that d#0. Since [B;:n<i=2nmn<j=2n] is
non-singular there exists W#0 for which ®[B,J¥#0. Put y =a,t - as”
where W' = [Yus1,** *, Y2.]. Then

[x y]1=[x21%2, y] = [x21, ¥]

=[ami---ayr,ami - af.’."]
= H [ais a,,]"’.-"‘,

where the product is taken over n <i=2n, n<j=2n. By (7) [x,y] = z
We summarize the material of this section in our final result:

THEOREM 6.3. For each prime p >3 there is a finite p-group of class 3 such
that (G, vAG)) has property (C).

§7. A generalization

The referee has contributed a very neat result which generalizes the evenness
of m in Theorem 3.2 and hence the evenness of n in Theorem 5.2.

THEOREM 7.1. If (G,H) has (C) and |G : H| = p* then k is even.

PROOF. Let x,, x, be elements of G\ H such that x, H and x.H are conjugate
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in G/H. Then x{=x,h for some y EG and some h € H By (C) x;h is
conjugate to x; in G. Therefore x; and x, are conjugate in G.

We can assume that | H| = p, replacing G by a suitable factor group. Let r(G)
denote the number of conjugacy classes in G. Then we have

r(G)=r(G/H)+p—-1.

Congruences of P. Hall give further information about r(G):
r(G)=|G| (mod(p® - 1)),
r(G/H)=|G/H| (mod(p* - 1));
see [5], s. 549, 15.2 Satz. Thus
[G|=|G/H|+p—1 (mod(p® - 1)).

Since p**'=p“ +p —1 with k odd gives a contradiction, k is even.
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