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SOME p-GROUPS OF FROBENIUS 
AND EXTRA-SPECIAL TYPE 

BY 

I. D. MACDONALD 

ABSTRACT 

Finite p-groups G are considered having a normal subgroup H ~  1 with this 
property: if x E G \ H and z E H then x is conjugate in G to x z .  Some theory is 
developed, and reasonably complicated examples of classes 2 and 3 are 
constructed. 

§1. Introduction 

Let G be a finite group and let H ~  1 be a normal subgroup of G. 

DEFINmON. (G, H)  is said to have property (C) if and only if x is conjugate in 

G toxz ,  f o r a l l x E G \ H a n d a l l z ~ H .  

The present paper is de'voted to finite p-groups with (C). 

The above definition is essentially due to A. R. Catnina [3]. We explain the 
context. Camina considers the following (F1) and (F2). 

HYPOTHESIS (F1). G is a finite group with a proper normal subgroup H ~  1 

and a set of irreducible non-trivial characters of G, X,,'" ", Xn, where n is a 

natural number, such that 

(a) X, vanishes on G \ H and 

(b) there exist natural numbers a l , ' "  ", am > 0 such that E7-1 a,X, is constant 

on H*. 

HYPOTHESIS (F2). G is a finite group with a proper normal subgroup H ~  1 

such that if x E G \ H, x is conjugate to xy Vy ~ H. 

Camina proves that (F1) and (F2) are equivalent. He is chiefly interested in 

finite groups which are not p-groups for any prime p. As we have indicated, our 
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interest lies exclusively in finite p-groups. From now on, therefore, all groups 

will be finite p-groups. 

Rather few groups G ate known which have an H such that (G, H)  has (C). 
Camina mentions the extra-special p-groups, in which we take H = 8(G) the 

commutator subgroup of G. (Our notation is generally that of Huppert's book 

[5], in which there is also to be found an account of the special and extra-special 

p-groups.) Other ad hoc examples can be produced. We are indebted to the 
referee for mentioning the semi-direct product G of any cyclic p-group by the 
Sylow p-subgroup of its automorphism group, H being the monolith of G; he 

adds "other examples of pairs (G, H), with G a metabelian monolithic p-group 

and H its monolith, are easy to describe". 

A depressingly complicated example can be concocted from the group E3 of 

[6] which reappears in [7] and is example (iii) in §4 of [8]. In the notation of [6] 

~(E3) = (z,f~[2,e,e~e3fz), and E3/(Z) is the Burnside group B(4,2). We take 

G = E3/(/~/2, e~e2eff~) and H = ~(E3)/(H:, e~e:e3[~) and assert that (G, H) has 
property (C). The reader will find that routine consideration of cases will 

establish this assertion. 

Our primary objective is to widen the class of known examples and in 

particular to find non-monolithic examples. 

To be more precise, we produce examples (G, H) with (C) where H = 8(G) 
and H is central, elementary abelian of order p", for every prime p and every 

positive integer n. We also give examples in which G has class 3 and H is not 

central. These results make it plausible that both H and G/H can in general be 
fairly complicated. 

Questions of structure therefore arise. Such theory as we develop is oriented 
towards our examples. However, some evidence emerges that there is a close 

relationship between the upper and lower central series of G if (G, H) has (C); 
the two series could conceivably coincide, particularly those terms which lie 
in hr. 

§2. Central series 

We start the ball rolling by proving a useful theorem. 

It is clear that if (G, H) has (C) and if N <- G, N < H then (G/N, H/N)  has 

(c). 
We denote the centre of G by ~'(G), and put ~'I(G) = ~'(G), while if r > 1 then 

~',(G) is defined inductively by ~(G/~,-I(G))= ~,(G)/~,_~(G). We also put 

~'o(G)=l. Further 3,2(G)=8(G), and if r > 2  then ~/,(G) is defined as 

[3,,-,(G), G]. We put r1(G) = G. 
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LEMMA 2.1. I[ ( G , H )  has property (C) and G has class c then H = T,(G) 

and H = ~c-,+l(G) for some r satisfying 1 < r <- c. 

PROOF. The very definition of (C) shows that if (G,H)  has (C) then 

~(G)<=H. Then (G/~(G) ,H/~(G))  has (C) if H ~  ~(G). Repetition of this 

process gives H = ~c-,+l(G) for some r with 1 < r =< c. 

Next we use 3,,(G)_- < ~c-,+l(G) (see [5] s. 262, 2.7 Satz). Suppose by way of 

contradiction that 

3', (O)  < ~,-,+,(O) = H. 

Then (G/y , (G) ,H/y , (G) )  has (C), and so 

y,_,(G)/y, (G) <-_ ~(Gly, (G)) <= H/y,  (G). 

Then y,_~(G)<=H = ~c_,+~(G), which implies that y,(G)<_-~0(G) = 1, a con- 

tradiction. Therefore 3,, (G)  = ~,_,+~(G) = H. 

We now take H = ~(G). 

THEOREM 2.2. Let (G, H) have property (C), let H = ~(G), and let G have 

class c. Then ~,(G)/~,-I(G) has exponent p/or 1 <_ r <- c. 

PROOF. We note the important and useful fact that if N <  ~'(G) then 

~(G/N) = ~(G)/N. For it is clear that ~(G/N) >= ~(G)/N. By a remark made 

above ( G / N , H / N )  has (C), and so ~(G/N)<=H/N. Therefore ~(G/N)= 

~(G)/N. 
Now we take N = ~'(G) p. It follows that ~(G/~(G) p) = ~(G)/~(G) v. By a 

well-known commutator identity (see [5], s. 253, 1.3 Hilfsatz) we have 

[~'2(G) p, G] =< ~'(G) p. Therefore ~2(G)P/~(G) ~ <- ~(G)/~(G) p, that is ~'2(G) p -< 

~'(G), so ~2(G)/~,(G) has exponent p. 
We deduce ([5], s. 266, 2.13 Satz) that ~',+I(G)/~', (G)  has exponent p for each 

r > l .  

G/~c-I(G) has exponent p. But 

[y~_,(G), ~_,(O)] = 1 

by [5], s. 265, 2.11 Hauptsatz. A commutator identity ([5], s. 253, 1.3 Hilfsatz) 

now shows that [3,c-t(G), G]  has exponent p, that is y c ( G ) h a s  exponent p. So 

does ~(G),  by Lemma 2.1. 

COROLLARY 2.3. If  (G,H)  has property (C) with 

3', (G)/3,i+~(G) has exponent p for r - 1 < i <-_ c. 

PROOF. 3,,_~(G)/H<=~(G/H). But H=~c- ,+~(G)  by the lemma, so 

H = ~, , (G) then 
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( ( G / H )  = ~c-,+2(G)/~-,+~(G), which has exponent p by the theorem. Therefore 

y,-~(G)/% (G)  has exponent p. The corollary follows by a standard result ([5], s. 

266, 2.13 Satz). 

COROLLARY 2.4. I f  (G , /4 )  has property (C) and G has class 2 then 

(i) G is a special p-group; and 

(ii) /4 = ~(G).  

PROOF. Clearly H = s t (G)=  ~5(G), by Lemma 2.1. By Theorem 2.2 both H 

and G / H  have exponent p. Therefore 

/4 = 4 , ( G ) =  8 ( G ) =  ~(G) 

where ~b denotes Frattini subgroup, and of course H is elementary. 

COROLLARY 2.5. (G,H) has property (C) and G has class 2 and 8 ( G )  is 

cyclic i[ and only if G is extra-special a n d / 4  = 8(G).  

§3. Class 2: theory 

Let G have class 2, let H = 8(G),  and let (G, /4)  have (C). By Corollary 2.4, G 

is a special p-group. Since not all (G, H )  where G is a special p-group have (C), 

we need a criterion to determine which have (C) and which do not. 

In the next result d denotes the minimal number of generators of a finite 

p-group. All matrices have entries from the field Zp of p elements. 

THEOREM 3.1. Let G be a special p-group and l e t /4  = cS(G); let d ( G ) =  m 

and d ( H ) =  n, with 

(1) G = ( a , , . . . ,  a,,), H = ( c l , ' '  ", c,). 

Suppose that 

(2) [a,, aj] = c 1 " " "  c :  '° 

[or 1 < i < m, 1 <-_ j < m, where each aijk lies in Zp, and put Ak = [aj~ ] for 

l<-_k<=n. 

Then the [ollowing are equivalent: 

(i) (G, H )  has (C); 

(ii) if ~b~,..., ~b, ~ Zp are such that ~blA1 + " "  + ~bnAn is singular then ~bl = 

0 , . - . ,  ¢,n = 0 .  

PROOF. A general element x of G has the form a~*' * • . • a , , 'c  where 

thx,-. ' ,~bmEZp and c ~ 8 ( G ) .  Note that x E S ( G )  if and only if ~b~= 

0," • ", 4,,,, = 0 .  So  
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where 

[x, a,l = [ a ,  a,l ~ . . . .  [a,., a,l *- 

= ( c 7  . . . . . .  

~'1 ~' 
C I '  " "  " C n ' "  

~o = a,j4,~ + " "  + a~o~,,,. 

Put B = [/3~j]. Thus B is an m x n matrix. We assert that B = [ A l q b , . . . , A , ~ ]  

where qb'=[~bl,. . . , thm] and t denotes transpose. For the (i , j)-th entry of 

[AI~,  • • ", A,  qb] is the i-th row of Aj~ ,  which is [a , j ,  • •., t~,~0]~, as required. 

Next we show that if either (i) or (ii) holds then m => n. Suppose (i) holds. If 

x ~  ~(G)  then I G : C(x)l = pn by (C), while I C(x)l---- p"+', because G has class 

2; so m > n .  Suppose (ii) holds. The first columns y I ( A I ) , ' - ' , y I ( A , )  of 

A z , . . . ,  A,  respectively form a set of n vectors in m-dimensional space, so if 

n > m then ~bjy~(A~)+... + ~bny~(A,)=0 for some non-zero ~b~,-.., ~o. It 

follows that ~b~A~ + . . .  + ~,A,  is singular. By (ii) ~ = 0 , . . . ,  ~b, = 0, a contradic- 

tion, so m _---n. 

Clearly (G, H )  has (C) if and only if rank B = n for all qb # 0; note that B is 

m × n with m => n. Now rank B = n if and only if the columns are linearly 

independent.  These are A ~ , . - . ,  A , ~ .  They are linearly independent if and 

only if ~A~qb+ • • • + ~0 ,A~ = 0 implies ~ = 0 , . .  -, ~b, = 0. This is equivalent to 

condition (ii). 

This completes the proof of Theorem 3.1. Because the power structure of G is 

not essentially used, it is clear that a vector space form of the theorem could be 

given. 

Next we seek further restrictions on the integers m, n of Theorem 3.1. The 

manner of definition of a~jk ensures that the matrices A , . . . , A ~  are skew- 

symmetric. So ~ A ~ + . . . +  ~ A ,  is skew-symmetric. But a skew-symmetric 

m × m matrix is singular if m is odd. In our case, therefore, m is even. Put 

m = 2d .  

Now consider the equation 

de t (~A~ + . . .  + ~A~)  = 0. 

The left-hand side is a polynomial of total degree m = 2d in n unknowns 

~ , . . . ,  ~ in Zp. This polynomial is in fact the square of another, the Pfaffian of 

~IA~ + . - .  + qJ~A~. So essentially we have an equation [ ( ~ , .  •., ~ )  = 0 whose 

left-hand side is a homogeneous polynomial of degree d in n variables. 

At this point we need a standard result of ChevaUey and Warning; see [4] and 



Vol. 40, 1981 FINITE p-GROUPS 355 

[9]. It states that the number of solutions of a polynomial equation 

f(~b~, ~.., ~b,) = 0 of total degree d in n variables ~b~, • •., ~,n in Zp is divisible by p, 

provided n > d. In particular, if f is homogeneous,  so that 0 is one solution, then 

there must be a non-zero solution. 

So if n > d then det(~,~A~ + . . .  + OnA.) = 0  has a non-zero solution. In our 

case, therefore, n =< d. 

We have now proved: 

THEOREM 3.2. I f  the matrices A 1,'" ", An of Theorem 3.1 satisfy condition (ii) 

of that Theorem then m is even, and m >= 2n. 

§4. Class 2: examples 

The matrices A 1 , " ' , A n  of Theorem 3.1 are skew-symmetric. They also 

satisfy the condition, which is additional in the case p = 2, that a,,k = 0 for 

1 < i _-< m, 1 =< k _-< n. If we have a set of such matrices satisfying condition (ii) of 

Theorem 3.1, then we can construct a group G with H = 8 ( G )  such that (G, H )  

has (C) and A , . . . ,  An are its matrices as in the theorem. For instance, we can 

define the commutator  structure of G by (1) and (2) and simply take a,P = 1 for 

1 _---i <_-m. In general, there will be many choices of G. 

THEOREM 4.1. For each prime p, each even positive integer m and each positive 

integer n with m >= 2n, there is a group G of class 2 such that I G : 8(G)I = pro, 

H =  8(G) ,  I n l = p  n, and ( G , H ) h a s  (C). 

PROOF. By the preceding remarks it suffices to find a set of n matrices, each 

m x m, satisfying Theorem 3.1(ii); we need of course ai~k = - a~ik and a,k = 0 for 

appropriate i,], k. It even suffices to find such matrices with m = 2n, for the 

corresponding groups will have factor groups appropriate to each n with 

2n _-<m. 

Given p and n, there exists an irreducible monic polynomial of degree n over 

Zo. Choose one such polynomial and let C be its companion matrix. If 1 _-__ k -<_ n 

then put. C~ = C k-I. Put 

- C~ 

where t denotes transpose. We assert that A~ , . . . ,  An satisfy Theorem 3.1(ii). 

If det(0,A1 + " "  + 0nAn) = 0 then det(01C, + " "  + 0nC~) = 0, so 

det(01I + ~ ,C  + ' "  + 0nC "- ')  = 0. So put r(x) = O~ + 02x + " "  + O~x"-1. We 
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have det r(C) = 0, while the characteristic polynomial q of C is irreducible and 

has degree n. If r is not the zero polynomial then we can find, using the division 

algorithm, a polynomial s satisfying det s(C) = 0 and having smaller degree than 

r. Repetition of this argument gives a contradiction. So r is the zero polynomial; 

~1 = 0 , . . . ,  ft, = 0, as required. 

Since the Ak have the required skew-symmetric properties this completes the 

proof of the theorem. 

There is no reason to think that the examples just specified are other than very 

particular. The reader may verify for himself that a change of generating set for 

G induces a congruence transformation on the A~. The problem of classifying all 

A1 , "  ", A, satisfying Theorem 3.1(ii) up to congruence looks depressingly hard. 

One case, however, deserves a mention. If n = 1, so that we have the 

extra-special groups, then a suitable change of generators will present the 

skew-symmetric matrix AI in its canonical form; and as A~ is non-singular this 

form must be 

-- W1 -- Wd 

That is to say, G is exhibited as a central product - -  a known result about 

extra-special groups. Even here we do not get an up-to-isomorphism classifica- 

tion, of course, as we have said nothing about the power structure. 

§5. Class 3: theory 

We now probe the structure of G in the class-3 case, with H = y2(G). In 

saying "G has class 3", we are (as usual) excluding the cases in which G has class 

2. While our main aim consists of the examples of §6, Theorem 5.2 is of interest 

in its own right. 

The following notation is used in this section. By ~', st2, 72, Y3 we mean ~'(G), 

/~2(G), y2(G), y3(G)respectively; C denotes C~(y2(G)). 

The first result is a technical lemma expressing the Jacobi-Witt identity in a 

useful form. In groups of class 3 this identity is 

(3) [u, v, w][v, w, u][w, u, v] = 1; 

see [5], s. 259, Aufgabe 1. 

L E ~  5.1. Let G be a finite p-group of class 3 such that ((7, y~(G)) has (C). 
Choose b E C(y2(G))\ y2(G) and put 
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Then B <- C. 

B = / x  e G: [b, x] ~ 3'3(6;)). 

PROOF. Choose x ~ B and in (3) put u = x, v = b, w arbitrary. Here 

[b, x, w] = 1 as x E B, and [x, w, b] = 1 as b ~ C. Therefore (3) gives [w, b, x] = 1. 

But ((7,)'2) has (C) and bti~ 3'2, so [w, b] takes all values in 3'2 as w varies. It 

follows that x E C. 

THEOREM 5.2. 
(C), and let 

Let G be a finite p-group of class 3 such that (G, 3'2(G)) has 

IG : V2(G)I = p  " , 13'2(6;): 3'3(G)1 = p ". 

Then (i) (G, 3'3(G)) has (C); and (ii) m = 2n and n is even. 

PROOF. We recall from Corollary 2.3 that G/3"2, y2/3'3 and 3'3 all have 

exponent p. Initially we prove the theorem under the additional assumption that 

3'3 has order p. Since I G : C(x)] <-_ p for each x ~ 3'2, this implies that I G : CI --< 
p~. As in the proof of Theorem 3.1 m > n, so C > 3'2; Lemma 5.1 will therefore 

be applicable. 

Choose a E G \ C and put 

A = (x E G : [a, x] E 3'3(G)). 

Since (G/3"3, 3'2/3'3) has (C) we obtain 

(4) I G : A I = p ' .  

Let b and B be as in Lemma 5.1. Note that a ~  B (for otherwise we would have 

a E C, a contradiction). It follows that b ~ A. Recall that b ~ C \ 3'2. Therefore 

C t"l A _-< 3'2, and so C N A = 3'2. 
Next we have 

(5) IG:CI<=p" 

as ly2:3'31 = p" and 13'31 = p. So by (4) and (5) 

p• =]G : 3"2I=IG : C O A [<=IG : CI IG :A  [<-_p2". 

By Theorem 3.2, m => 2n. Therefore m = 2n; and (5) becomes 

(5') I G : c l  = p°. 

The inclusion ff =< 3'2 holds because (G, 3'2) has (C). If 13'2 : ~'1 = pk  then 

I G : Cf _-< p ' ,  still under the assumption 13'31 = p. Therefore n = k, and so ~" = 3'3. 
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If a • y2\ y3 then a ~ ~', and the conjugates of a form the coset ay3. Thus (G, y3) 

has (C). 
Now we prove that n is even. If x ~ C \y2  then IG:C(x)I=p"+I (because 

(G, 3'2) has (C)). So by (5'), Ix, C] ~ 1, and x t~ ~'(C). It follows that ~'(C) = y2(G). 

In particular 8 ( C ) ~  1. 

Let b and B be as in Lemma 5.1. Then B _-< C But as ({~/y3, y2/y3) has (C), 

I G:B[=p" .  Therefore B = C The definition of B now gives 8 ( C ) =  < 3,3(1~). 
Therefore 8 ( C ) =  y3(G). 

Since y2(G) = ~(C) we have I G : g'(C)l =pm with of course m = 2n, and so by 

(5') [C:( (C)[=p ~. However  {8(C)[=Iy3(G)I= p. By Corollary 2.5 or 

Theorem 3.2, n is even. 
This completes the proof of (i) and (if) under the assumption that y3(G) has 

order p. We now relax that assumption. It is necessary to prove only (i). 

Choose x ~ y2\3'3 and suppose by way of contradiction that [x, G]  < 3'3. 

Choose a subgroup N which contains [x, G] and has index p in 3'3. Let 

3,3 = (N, z) and put G '  = G/N. Thus (G',  3,3(G')) has (C) and 3,3(G') has order p. 

Therefore there exists y ~ G for which [xN, yN] = zN, that is [x, y] E zN. But 

[x, y] E N and z g N. This is a contradiction. Therefore [x, G] = 3,3, and (G, 3,3) 

has (C). 

COROLLARY 5.3. If G is a finite p-group of class 3 such that (G, 3,2(G)) has 
(C) then T2(G) = ~'2(G) and 3,3(G)= ~(G). 

PROOF. U s e  Lemma 2.1. 

We now take generators and relations: 

(6) G = ( a , , . .  ", az,), T2(G) = ( c , , . . . ,  c., 3,3(G)), T3(G) = (z); 

(7) [a,,as]=cT"""c~'z ~' (1--< i =<2n, 1 =<./=<2n); 

(8) [c,,aj]=z X,, (l<=i<=n,l=<j=<2n). 

(The element z is of course central in G.) 

The constants a,jk,/3,j, X0 lie in Z, and must satisfy numerous conditions. As 

before, we put 

Ak = [aj,k] (1 ----< k __-< n). 

Then the Ak satisfy condition (if) of Theorem 3.1 because (G/(z), y2(G)/(z)) has 

(C). 
We choose the a ' s  so that 

a2., 
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A n o t h e r  way of  saying this is that X~ = 0 for 1 =< i = n and n < ] =< 2n. 

At  this point  we must  give some thought  to the structure of G as a g roup  

ra ther  than as a g roup  with (C). The  main constraint  on the c o m m u t a t o r  

structure is given by the Jacob i -Wi t t  identi ty (3). 

We calculate:  

a i /1i) Ia,, aj, a , ]  = [ c 7 " ' "  c, , '°z  , a,  l 

= [c, ,  a~]"', . . . .  [co, a~F °° 

to = a q ~ X , k  + • • • + ot~i,,X.k. 

Note  that if k > n then ak E C(y2(G)) ,  so [a,, a .  ak] = 1 and the above  to is 0. 

Next  we apply (3) with u = a , ,  v = a .  w = a~ in two special cases. 

(i) Let  n < i _-< 2n, n < j =< 2n, 1 =< k -_< n. Then  (3) becomes  

and we find that 

(9) 

[ a , , a , ,  ak  ] = 1 

a~nX~k + • • • + ot,j~X~k = O. 

(ii) Let  l < = i < = n ,  l < - ] < = n ,  n < k  <=2n.  Then  (3) becomes  

[ a ,  a k ,  as] = [ a j ,  a~ ,  a , ]  

and we find that 

(10) a,kiX,j + " " • + a~k~X~j = askiX. + " " " + a j ~ . X . i .  

We now define fur ther  matr ices as follows: 

B~ = [a~..+,.,] (1 =< k _--< n);  

x = Ix,,]; 

and we let x,, - - . ,  x. deno te  the columns of  X. Thus  Bk is n x n and X is taken 

to be n x n ; recall that  X~J = 0 if j > n. Then  (10) becomes  

(11) B,x, = B,x, (1 =< i, ] <-_ n ). 

We are also concerned  with the " lower  left"  n x n submatr ix  of A E ,  SO we put  

A f, = [ai,.+~,k] (1 =< k =< n);  

thus l <= i <= n and l <- ] <- n i n  A 'k. 
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§6.  C l a s s  3: e x a m p l e s  

So far we have not produced a single group G of class 3 such that (G, ~y2(a)) 

has (C). We shall speedily remedy this lack. The key to the construction is 

equation (11). This seems intractable in general, but if we choose the Ak to be 

the special matrices of §4, related to companion matrices, then progress is 

possible. 

LEMMA 6.1. Let n be a positive integer. Choose a monic polynomial of degree n 

and let C be its companion matrix. Define matrices B~, . . . ,  B,  as follows: if 

1 <= i <= n and 1 <= k <- n then row i of Bk is row k of C ~-~. Then there exists an 

n x n matrix X whose columns x l , "  ", x, satisfy the equations 

Bkx, = B,Xk (1 <= k <= n, 1 --%_ l --<_ n) 

if and only if both X and C X  are symmetric. 

PROOF. The equations B~x, = Bixk are equivalent to 

p~(Bkx~)=p~(BiXk) (l<=i,k,l<=n) 

where p, denotes row i. These are equivalent to each of the three following sets 

of equations: 
o, (Bk)x ,  = p, (n , )xk  

Ok (C'-')x, = p, ( C ' - ' ) x ~  

(C ' - 'X) '  = C ' - ' X  

(l <=i,k,l<=n); 

(l<=i,k,l<=n); 

(1-<_ i <_- n). 

So we have to show that C~-tX is symmetric for 1 <___ i < n if and only if X and 

C X  are symmetric. Suppose that X, C X  and C'-~X are symmetric where i => 2 is 

fixed. Then 
(C'X) '  = (C ' - 'X) 'C '  = C ' - 'X 'C '  = C'- ' (CX) '  = C ' X  

and so C~X is symmetric. This completes the proof. 

LEMMA 6.2. The equations BkXt = B~xk of the previous lemma always have a 

non-singlar solution. 

PROOF. Given B as below we may choose X as indicated: 

C = I°0 0° 1 a 3 a 2 a  a3 a4 .... 1an 1 1 0 • X =  " ' "  a 3  , 

• . . 1 . . "  0 

0 . . .  1 a. 0 . ."  0 
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We leave it to the reader 

0 

C X = O  

0 

to verify that 

0 0 

- -  a3  - -  a 4  

- a 4  - a 5  " • 

0 . . .  

• . 0 0 
. . . .  a, 1 

1 0 , 

0 0 

Ak = [aj~k] for 1 =< k =< n where 

A k 

- C ~ ,  

CE = C k-', and C is a certain companion matrix. The matrix [/3~j] is to be 

2n x 2n, skew-symmetric and /3, = 0 ;  we also require that the submatrix 

[fl~i : n < i =<2n, n < j  =<2n] is non-singular (note that n is even). Finally the X,i 

are given by the matrix X of the last lemma, with g~J = 0 for 1 =< i =< n < j =< 2n. 

Now we consider the group structure. It is convenient to take p > 3, for then G 

is a regular p-group; we can put a f =  1 for 1 =< i <2 n ,  G has exponent  p, and we 

can forget about the power structure. (No doubt there are plenty of examples 

with p = 2 or 3. Those we construct will illustrate once again the richness of the 

exponent-p variety for p > 3.) 

We also have to reckon with the commutator  structure. This is a matter of 

verifying the Jacobi-Witt  identity (3) with u, o, w from {a, , . .  ",a2n}. In certain 

cases this is rendered easy enough by the presence of blocks of zeros in Ak. The 

harder cases are those related to (9) and (10) of §5. We defined Bk in §5 

essentially by the rule: yj (Bk) = "yk (A ;), where % denotes column/ .  However  we 

defined Bk in the lemmas of this section by the rule: p~ (Bk) = pk (C '-~) where p, 

denotes row i. It turns out that there is no discrepancy, because of the fact that 

the latter BE is symmetric. To see this, let us temporarily denote the (i,j)-th 

entry of C k by Y~.i.~. It may be verified that because C is a companion matrix we 

have 3'~.j+~.k = y~.j.k÷~ for 1 =< i _------ n, 1 _<-- j < n, 0 =< k < n. Iteration gives 3'~.j.~ = y~.k.~ 

provided 1 -< j =< n and 1 =< k -< n. This is the result that proves Bk is symmetric. 

a symmetric matrix. This completes the proof. 

We note in passing that the X just given is in fact B ~ ;  and that further 

solutions of the equations are obtained when X is replaced by CX, C2X, etc. 

We start the construction of groups. Our examples G are to have generators 

as in (6); we take m = 2n and we shall want n even. We have to specify the 

constants a,~k, fl~j, X~J appearing in (7) and (8). The a0k are to be as in §4; thus 
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So our lemmas apply, and the choice of X ensures that (9) and (10) hold. Hence 

the Jacobi-Witt identity (3) is verified. 

It follows that G has order p3n+1 and class 3. (In dealing with the structure of G 

we have used ideas of the nilpotent quotient algorithm rather freely; see [8]. An 

alternative approach is to use extension theory.) 

Finally we have to show that (G, 3,2(G)) has (C). There are two cases. 

(i) Let x = x l x z  where x~=a*~ . . . .  a*.. and x2EC(y2(G)) .  Put ~ =  

[4~,,"" ", ~.] and suppose that • ¢ O. Since X is non-singular there exists ~ ¢ 0 

for which ~ X W  = - 1. Put y = c~ . . . .  c.*. where qt, = [q,~,..., 4'.]. Then 

Ix, y] = [x,x2, y] = Ix,, y] 

= [ a t ' . -  * I/tl" " C~'] " a n % e l  " 

= 1-I [c,, a,l-°, o , 

where the product is taken over 1 _<- i _<- n, 1 <_- j < n. By (8) [x, y] = z. 
On + 1 ¢h2 n (ii) Let x=xnx22 where x 2 1 = a , . ~ ' . . a 2 ,  and x22ET2(G). Put qb= 

[~b,÷l,'' ", th2,] and suppose that ~ 0 .  Since [/3 o : n < i =<2n, n < j  _<-2n] is 

non-singular there exists ~ 0  for which ~ [ / 3 ~ j ] ~ 0 .  Put y = a,+~. . .a2 ,  

w h e r e  l tF t=  [l]/n+l, "° "1 ~2n]. Then 

Ix, y] = [x2,x=, y ]  = [x~,, y] 

+I 'b2n ~ +~ 'b2a 
[ a  °;1 . . . . .  a : ; ,  a 2 n  ] " a 2 n  , 

H [a,, a , l* : '  

where the product is taken over n < i =< 2n, n < j =< 2n. By (7) [x, y] = z. 

We summarize the material of this section in our final result: 

ThEOReM 6.3. For each prime p > 3 there is a finite p-group of class 3 such 

that (G, 72(G)) has property (C). 

§7. A generalization 

The referee has contributed a very neat result which generalizes the evenness 

of m in Theorem 3.2 and hence the evenness of n in Theorem 5.2. 

THEOREM 7.1. If (G ,H)  has (C) and I G : H I = p  k then k is even. 

PROOF. Let xl, x2 be elements of G \ H such that x lH and x2H are conjugate 
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in G/H. Then x y=x2h for some y E G  and some h E H .  By (C) x2h is 

conjugate to x2 in G. Therefore xl and x~ are conjugate in G. 

We can assume that I/4"1 = p, replacing G by a suitable factor group. Let r(G) 
denote the number of conjugacy classes in G. Then we have 

r(G) = r(G/H) + p - 1. 

Congruences of P. Hall give further information about r(G): 

r(G) =-[GI (mod(p 2 -  1)), 

r(G/H) --IG/HI (mod(p 2 -  1)); 

see [5], s. 549, 15.2 Satz. Thus 

I GI =-- [G/H I + p - 1 (mod(p 2 -  1)). 

Since pk+1 ~pk + p _  1 with k odd gives a contradiction, k is even. 

ACKNOWLEDGEMENTS 

I have to thank Dr. Camina for sending me his p-group problem and for 

interesting me in it, before [3] was published. 

Professor John Duncan, University of Stirling, contributed the germ of the 

idea that a set of matrices satisfying Theorem 3.1 (ii) might be found by looking 

at a set of matrix powers. He also proved a number of theorems which eventually 
boiled down to the lemmas of §6. I thank him for his help. 

Dr. Stephen D. Cohen, University of Glasgow, provided references [4] and 
[9], which were quite unknown to me. Dr. Cohen is particularly to be thanked 

for making the first general construction of matrices satisfying Theorem 3.1 (ii) 
(and, in doing so, for keeping work going at a crucial stage). Our first attempt at 

the constrflction was based on the observation that if S is a symmetric n x n 

matrix with entries from Zp and with irreducible characteristic polynomial, and if 

each element x of each matrix in {/, S , . . . ,  S "-~} is replaced by [_o ~], then a set 

of matrices with the required properties results. Dr. Cohen gave a method of 

constructing S for each n and for "large" p (depending on n); however it has 

been pointed out that his results are contained in two papers of Bender ([1], [2]). 

Finally I have to thank the referee for his careful and generous help. In 

addition to pinpointing various false statements he is responsible for an 

improvement to Theorem 2.2, for Corollary 2.3, and in particular for major 

improvements to Theorem 5.2 and to its proof. Theorem 7.1 is also due to him. 



364 I .D.  MACDONALD Israel J. Math. 

REFERENCES 

1. E. A. Bender, Classes of matrices over an integral domain, Illinois J. Math. 11 (1967), 697-702. 
2.* E. A. Bender~ Characteristic polynomials of symmetric matrices, Pacific J. Math. 25 (1968), 

433-441. 
3. A. R. Camina, Some conditions which almost characterize Frobenius groups, Israel J. Math. 31 

(1978), 153-160. 
4. C. Chevalley, Ddmonstration d'une hypoth~se de M. Artin, Abh. Math. Sere. Univ. Hamburg 

11 (1935), 73-75. 
5. B. Huppert, Endliche Gruppen. I, Springer-Verlag, Berlin-Heidelberg-New York, 1967. 
6. I. D. Macdonald, Some examples in the theory of groups, Mathematical Essays Dedicated to 

A. J. Macintyre, Ohio Univ. Press, Athens, Ohio, 1970, pp. 263-269. 
7. I. D. Macdonald, An application of coset enumeration, Austral. Comput. J. 6 (1974), 46--48. 
8. I. D. Macdonald, A computer application to finite p-groups, J. Austral. Math. Soc. 17 (1974), 

102-112. 
9. E. Warning, Bemerkung zur oorstehenden Arbeit oon Herrn Cheoalley, Abh. Math. Sere. 

Univ. Hamburg 11 (1935), 76--83. 

DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF STIRLING 

STIRLING, SCOTLAND 


